In this work we substantiate the applying of the Helmholtz vector decomposition theorem (H-theorem) to vector fields in classical electrodynamics. Using the H-theorem, within the framework of the two-parameter Lorentzlike gauge (so called v-gauge), we show that two kinds of magnetic vector potentials exist: one of them (solenoidal) can act exclusively with the velocity of light c and the other one (irrotational) with an arbitrary finite velocity v (including a velocity more than c) . We show also that irrotational component of the electric field has to propagate instantaneously.
I. INTRODUCTION
Lately the use of a two-parameter Lorentz-like gauge (so called v-gauge, see, e.g., [1] [2] [3] [4] [5] ) in classical electrodynamics gained popularity among physicists. Most likely one can explain this by attempts to provide, from the classical electrodynamics point of view an explanation of superluminal signals detected in a series of well-known experiments, performed at Cologne [6] , Berkeley [7] , Florence [8] and Viena [9] , experiments by Tittel et al [10] which revealed that evanescent waves (in undersized waveguides, e.g.) seem to spread with a superluminal group velocity. For example, in recent experiments by Mugnai et al [11] superluminal behavior in the propagation of microwaves (centimeter wavelenth) over much longer distances (tens of centimeters) at a speed 7% faster than c was reported.
For example, in the recent work [5] by using the two-parameter Lorentz-like gauge (vgauge [1] [2] [3] [4] ) and using the Helmholtz theorem it was shown that within the framework of classical electrodynamics the instantaneous action at a distance can exist (scalar potential acts instantaneously while the vector potential propagates at the speed of light) that implicitly confirms results of the works [12] and [13] (in these works the possibility of the existence of instantaneous action at a distance was rationalized out of the framework of the v-gauge theory). However the author of [5] does not substantiate the defensibility of the use of the Helmholtz vector decomposition theorem for time-dependent vector fields: the point is that recently J. A. Heras [14] showed that there is an inconsistent mathematical procedure here, which is due to the common misconception that the standard Helmholtz theorem [15] (which allows us to write E = E i + E s , where E i and E s are irrotational and solenoidal components of the vector E) can be applied to retarded (time-dependent) vector fields. In other words, when one introduces the time dependence into a vector field E and requires a decomposition of E into integral components one must prescribe the propagator.
For electric and magnetic fields obeying Maxwell's equations, the causal propagator is the
, where x is 4 variables (x, y, z, t). Thus, by Heras [14] , the Helmholtz theorem for time-dependent vector fields must be formulated (using vanishing at spatial infinity is decomposed into three components irrotational, solenoidal and temporal one: E =Ẽ i +Ẽ s +Ẽ t , wherẽ
In its standard formulation (E = E i + E s ) [15] , Heras specifies (see footnote 2 in [14] ),
Helmholtz theorem can consistently be applied to time-dependent vector fields only (!)
when an instantaneous propagation for the fields is assumed.
Therefore results obtained in [5] could be incorrect if one takes into account the inferences of [14] .
Nevertheless, taking into account the possible impropriety (i) in [5] , we have to note the following: the inferences of J. A. Heras [14] can be incorrect at least in the case of the time-dependent electric field written by means of scalar and vector potentials in the Coulomb gauge. It is obvious that for the electric field
in this case an instantaneous propagation is not assumed because the field E in (4) can be a retarded solution of the wave equation
Accordingly, it is clear that here although the electric field (4) can be retarded, it is decomposed into just two parts, one of which is pure irrotational and the other is pure solenoidal:
(in the Coulomb gauge ∇ · A = 0). This alone shows that the inference of J.A. Heras [14] that a retarded field cannot be decomposed into only two parts (irrotational and solenoidal) can be in sufficiently rigorous.
II. TWO KINDS OF MAGNETIC VECTOR POTENTIAL
In our calculations we use generalized gauge condition (the so called v-gauge)
the using of which in classical electrodynamics is already well-founded (see, e.g., [1] [2] [3] [4] [5] ).
Here v is some arbitrary velocity of propagation for electromagnetic potentials (and it is not necessarily that v has to be equal to c). Expressing in the Maxwell equations, the fields E and B by potentials and taking into account v-gauge (7) after simple transformations we obtain:
and
Let us start from Eq. (9) which, taking into account Eq. (7), can be written as
or, using the identity
and, multiplying by c 2 v 2 , we obtain:
Now let the vectors A and j satisfy the conditions of the Helmholtz theorem. So A(r, t) = A s (r, t) + A i (r, t), and j(r, t) = j s (r, t) + j i (r, t).
Now after substituting Eq. (12) into (10) and (11) we have respectively:
By virtue of the uniqueness of the decomposition of vectors into solenoidal and irrotational parts (see [17] , e.g.) one can equate solenoidal components of lhs and rhs of Eq. (13) and irrotational components of lhs and rhs of Eq. (14) . The resultant equations are:
Thus one can see that two kinds of the magnetic vector potential exist: one of which 
III. TWO KINDS OF ELECTRIC FIELD
Note, however, the following very important "feature": in the v-gauge the irrotational part of the electric field (4) can propagate instantaneously only! Indeed if we act by the operator "−grad" to Eq. (8) we obtain:
where E ϕ = −∇ϕ is a field produced exclusively by means of the electric potential from (4). Next we rewrite (4) in the following form:
or
where, obviously
Let us now act by the operator "− 
finally, summing (22) and (17) and taking into account (20) we obtain
It is obvious 1 that this expression comes to 
Correspondingly for E s we have:
Thus we see that the vector fields E i and E s are solutions of the different equations with E i -"wave" propagating instantaneously and E s -wave propagating with the velocity c respectively.
By virtue of the uniqueness of the decomposition of vectors into solenoidal and irrotational parts values of E i and E s cannot depend on a gauge. To verify this let us now construct the wave equation for the field E from Maxwell equations
, and div E = 4π̺ : (25)
Then after applying the Helmholtz theorem to the vectors E and j in (26) we can equate solenoidal and irrotational parts of lhs and rhs of (26) respectively by virtue of the uniqueness of the decomposition of vectors in accordance with the Helmholtz theorem. The resultant equations are (see footnote 1):
In that way the "paradox" that E i can be simultaneously retarded and istantaneous, observed by Rohrlich (see Eqs. 3.12-3.17 in [16] ), is resolved: one can see that E i must be exclusively instantaneous.
IV. CONCLUSION
One can take up the position that the irrotational part A i of the vector potential A as well as the scalar potential ϕ can propagate with an arbitrary finite velocity including a velocity more than c as well as instantaneously in the case of the scalar potential (for justice we have to note that the recent experiment [18] shown that the scalar Coulomb potential does not spread instantaneously). However the irrotational conponent of the electric field (see Eqs. (23) and (27)) can propagate exclusively instantaneously. This can advantage a theoretical (within the framework of classical electrodynamics) rationale of a series of mentioned in the Introduction well-known experiments [6] [7] [8] [9] [10] [11] . Nevertheless it is significant that one can find a theoretical rationale of the existence of the superluminal interraction out of the framework of the v-gauge-theory in the review works [19] and [20] .
At last to dismiss the subject we can affirm that so called instantaneous action at a distance with the infinite velocity of interaction in classical electrodynamics can take place within the framework of the v-gauge-theory as well as the superluminal action with a finite velocity of interaction.
